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In this short note we use a simple model to describe the dynamical effects of break-up processes
in the subbarrier fusion involving weakly bound nuclei. We model two similar cases involving either
a neutron or a proton halo nucleus, both schematically coupled to the break-up channels. We find
that the decrease of the coulomb barrier in the proton break-up channel leads, ceteris paribus, to a
larger enhancement of the subbarier fusion probabilities with respect to the neutron-halo case.
PACS numbers: 25.60.Pj, 24.10.Eq
Subbarrier heavy-ion fusion processes have been in the
last decades an interesting issue for the low-energy nu-
clear physics community for the natural link involved be-
tween structure and dynamics. It has been in fact rec-
ognized that the basis feature characterizing the subbar-
rier behavior is the dynamical coupling to the internal
degrees of freedom of the two fusing partners [1–3]. The
proper description of a fusion process, therefore, is essen-
tially demanding to single out the relevant coupled chan-
nels involved and to determine the associated diagonal
and coupling potentials. This makes the situation with
weakly bound nuclei more complex, due to the non triv-
ial inclusion of the strongly coupled continuum break-up
channels and the consequent opening of final three-body
(or four, in the case of two-particle halo nuclei) chan-
nels. This had led from a theoretical point of view of
diverging results on the enhancement/suppression of the
fusion probabilities, and to extremely difficult experimen-
tal measurements to determine (and separate) different
fusion and reaction channels [4–10].
Given the complexity of the situation, every case be-
haves differently and has to be specifically treated, with
particular ion-ion potentials, associated heights of the
coulomb barrier, coupling form factors, specific relevant
transfer channels and Q-values. For this reason it is not
easy, in a fully treated coupled-channel description, to
single out the role of specific issues. One of these is the
possible role of the charged break-up channels in proton-
halo nuclei with respect to the more common neutron
break-up channels in neutron-halo nuclei. For this reason
we introduce here a very simplified two-channel model,
the first being the entrance channel and the second rep-
resenting the full set of continuum break-up channels. In
this channel we neglect the ejected particle (neutron or
proton) and properly rescale energies and ion-ion poten-
tial. Our model has been applied, as representative cases
of neutron or proton haloes, to the fusion with 58Ni of
either 11Be and 8B. To single out just the dynamical ef-
fects due to the neutron/proton nature of the two halo
nuclei, potentials in the different channels have been con-
structed using the simple parameterization of Broglia and
Winther [11] and an equal strength for the coupling be-
tween entrance channels and the ”break-up” ones.
In Fig. 1 we display the resulting ion-ion potentials for
the 8B+58Ni (left frame) and 11Be+58Ni (right frame)
reactions. For comparison in the same figures we also dis-
play the corresponding ion-ion potentials in our ”break-
up” channels, i.e. for the 7Be+58Ni and 10Be+58Ni cases.
For a quick view, we also show in the figure as a line one
energy E in the incoming channel (20 MeV in the case
of 8B and 17 MeV in the case of 11Be) and the corre-
sponding energy in the break-up channel. This energy
can be estimated by subtracting the energy needed for
break-up and the average excitation energy, 〈E∗〉, in the
core-nucleon relative motion, and then sharing the energy
between then according to a distant break-up scenario. In
this way, we consider Ebu = (E−S1N −〈E∗〉) · A−1A . S1N
reads for the one neutron or one proton separation en-
ergy, i.e. S1p = 0.136 MeV for
8B and S1n = 0.504 MeV
for 11Be. 〈E∗〉 is approximated by the peak energy
for the dipole electromagnetic transition probabilities,
〈E∗〉 = 0.5 MeV for 8B and 〈E∗〉 = 0.4 MeV for 11Be.
It is evident from the figure that while in the neutron
case the barriers in the incoming and break-up channels
are similar (while the energy at disposal in the latter is
smaller), in the proton case the reduction in energy in
the break-up channel is more than compensated by the
lower Coulomb barrier due to the reduced charge in the
projectile.
Fusion probabilities are calculated by solving the corre-
sponding coupled-channel equations under ingoing-wave
boundary conditions (IWBC). The coupled-channel for-
malism for direct reaction processes given by Austern [12]
expands the total wave function in terms of the wave-
function for the internal state of the projectile φβ and
the radial wave functions χβ that acounts for the relative
motion between projectile and target:
Ψ(+) = Σβ
χβ(R)
R
φβ . (1)
This leads to a set of coupled equations for the radial
wave functions:
d2χβ
dR2
+
2µβ
~2
[Eβ − V effβ (R)]χβ =
2µβ
~2
Σα6=βV
coup
βα (R)χα
(2)
In these expression V is the interaction potential while,
Typeset by REVTEX
ar
X
iv
:1
40
2.
46
36
v1
  [
nu
cl-
th]
  1
9 F
eb
 20
14
2FIG. 1. Ion-ion potentials for 8B+58Ni in the left frame and
11Be+58Ni in the right frame (solid lines). The dashed lines
corresponds to the break-up channels, i.e. for the 7Be+58Ni
and 10Be+58Ni respectively. The nuclear part of the potential
is computed according the proximity potential of Broglia and
Winther [11].
for a given channel β, µβ is the reduced mass, and Eβ is
the relative energy.
In our model case, we will only consider two channels,
the incomming channel and one channel representative of
the break-up and later fusion without the ejected particle.
The two channel problem in one spatial dimension R is
given by:
d2χ1
dR2
+
2µ1
~2
[E1 − V1]χ1 = 2µ1~2 Vcoupχ2,
d2χ2
dR2
+
2µ2
~2
[E2 − V2]χ2 = 2µ2~2 Vcoupχ1, (3)
where, in our case, E1 = E, the incoming energy, and
E2 = Ebu, the enegy in the break-up channel.
The total potential for each channel V1,2(R) is given
by the sum of Coulomb and a nuclear proximity potential
given by Broglia and Winther [11] parameterization. The
coupling potential Vcoup is given as a derivative Woods
Saxon form with same radius and difuseness of the prox-
imity potential for the incoming channel. The strength
is set to a 10% of the strength of the same proximity
potential.
The coupled channel equations are solved by impos-
ing the boundary conditions that there are only incom-
ing waves at R=Rmin, i.e. the minimum position of the
Coulomb pocket inside the barrier, and there are only
outgoing waves at infinity for all channels except for the
entrance channel (β=1), which has an incoming wave
with amplitude one as well. This boundary condition
is referred to as the incoming wave boundary condition
(IWBC) [1, 3, 13], and is valid for heavy-ion reactions,
where there is strong absorption inside the Coulomb bar-
rier. The numerical solution is matched to a linear com-
bination of incoming and outgoing and Coulomb wave
FIG. 2. Fusion cross sections for the 8B+58Ni (left panel) and
11Be+58Ni (right panel) reactions. Solid lines represent the
case without break-up, with a single channel and no coupling,
whereas the dashed lines show the two channels case with
coupling to the proton (left) and neutron (right) break-up
channels.
functions at finite distance Rmax beyond which both the
nuclear proximity and the coupling potential are negli-
gible. The boundary condition of a wave incident from
the right in channel β=1 and transmitted and reflected
waves in both channels is given by,
χβ(R)
R→∞−−−−→δβ1H(−)` (kβR)+ rβH(+)` (kβR);
χβ(R = Rmin) =tβH
(−)
` (kβR), (4)
where ` is angular momentum, H
(+)
` and H
(−)
` are the
outgoing and incoming Coulomb wave functions, respec-
tively and k =
√
2µE/~2 is the wave number associated
with the energy E. The total transmission probability is
then given by,
T =
∑
β
| T 2β |= |t1|2 +
v2
v1
|t2|2 (5)
where v1 and v2 are the velocities corresponding to chan-
nel 1 and 2.
The fusion cross-section, in terms of partial waves, is
given by
σ =
`max∑
`=0
σ` =
pi~2
2µ1E
`max∑
`=0
(2`+ 1)T`(E). (6)
The probability of transmission for the partial wave
can also be calculated simply by a shift of energy,
T` ∼= T0
[
E − `(`+ 1)~
2
2µ1r20
]
, (7)
where r0 is the position of the barrier for the s-wave [1].
The resulting cross section for both 8B+58Ni and
11Be+58Ni fusion reactions are shown in Fig. 2. For each
3FIG. 3. (Color online) Cross section divided by the square of
the interaction radius versus the energy divided by the esti-
mation of the Coulomb barrier in the incoming channel (VB)
for 8B+58Ni and 11Be+58Ni fusion reactions. We compare
the no coupling cases for both reactions (solid line) with the
proton (dotted line) and neutron (dashed line) break-up cases.
reaction, we compare the situation without break-up,
where there is no coupling to the second channel (solid
lines), with the possibility of coupling to the break-up
channel (dashed lines). In both cases, and as a result
of this coupling, a certain enhancement is found. In
order to compare both cases appropriately, we show in
Fig. 3 a reduced fusion cross sections in terms of the
collision radius of each reaction versus the energy di-
vided by the estimated Coulomb barrier. As expected,
the two no-coupling cross sections coincide almost per-
fectly, whereas the coupling cases show different results.
Here, it is clearly seen how the proton break-up case has
a larger cross section at low energies. On the other hand,
the neutron break-up case has a larger enhancement at
energies inmediately close to the energy of the Coulomb
barrier. For the sake of cancelling the effects of choosing
two different nuclei for the neutron and the proton case
we add a third case in Fig. 3 for the 8B+58Ni case where
the same potential, and so the same Coulomb barrier, is
used for both channels, V2 = V1 (dot-dashed line). This
case is similar to consider that the 8B looses one neutron
instead of a proton. As expected, the cross section follows
the same trend as the 11Be+58Ni but with an apparently
smaller enhancement.
In order to clarify which processes are giving rise to
these two different behaviors, it is useful to show the bar-
rier distributions for both reactions. This can be done by
evaluating the second energy derivative of the product of
the cross section and the energy, or the first derivative of
the transmission for ` = 0. Both observables are shown in
Fig 4. A clear difference between the proton and neutron
induced effects on fusion is found. Both cases present
two barriers as expected according to Fig. 1. However,
in the proton case, the secondary barrier is below the
barrier in the incoming channel and so it allows a larger
enhancement at low energies. Instead, in the neutron
case, the secondary barrier is at a higher energy. There-
FIG. 4. Barrier distributions for the 8B+58Ni (left panels) and
11Be+58Ni (right panels) fusion reactions both with (dashed)
and without (solid) coupling to the break-up channel. In up-
per panels we show the derivative of the transmission factor
for ` = 0 whereas in the lower panels we evaluate the second
derivative of the fusion cross section times the energy.
fore, the neutron enhancement simply arises from the
displacement towards a lower energy of the final effective
Coulomb barrier.
These results obtained here are similar to the ef-
fect of negative or positive Q-values on barrier penetra-
tion [2, 14]. As shown, for example, in figure 5.1 in [14],
the positive Q-value case shows the same cross section
and barrier distribution as the proton break-up case, and
the same parallelism is found for negative Q-value and
neutron break-up cases. Indeed, effective Q-values can
be considered and compared from the difference between
the energies and the barriers in each channel. This effec-
tive Q-value may be evaluated as
Qeff = (Ebu − V 2B)− (E − V 1B), (8)
where V 1B and V
2
B are the energies of the Coulomb bar-
rier for the incoming and break-up channels respectively.
Here we have also neglected the effect of the separa-
tion energy and the average excitation energy of the
projectile. Looking at the energies plotted in Fig. 1,
we obtain Qeff = 1.97 MeV for the proton case and
Qeff = −1.12 MeV for the neutron case.
The exact value for Qeff will depend on the incoming
energy. Nevertheless, it can be shown that it is always
negative for the neutron case, whereas it is positive for
the proton case at energies around or bellow the Coulomb
barrier. Therefore, the differences between the energies
and the Coulomb barrier due to the loss of a neutron or
a proton can explain the results obtained in both cases.
In conclusion, the possibility of proton break-up pro-
duces an enhancement of the subbarrier fusion. Similar
results were also found by Nakatsukasa et al. [10] in a
time-dependant approach. This fact can explain the en-
hancement recently found for the proton halo nucleus
8B [4]. This enhancement is larger than in the neutron
4case, and also the energy distribution is far different. In-
deed, for the neutron case, the enhancement is mainly
due to a displacement in the energy of the Coulomb bar-
rier. This can also explain why it is unclear if neutron
halo produces or not an enhanced subbarrier fusion.
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